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Abstract: This work aims to comparetwo algorithms to 

perform a kinematic consistency formodeling the 

scapulo-thoracic interaction (ST) using natural 

coordinates. The rib cage is usually represented by a 

fixed ellipsoid on the thorax reference system, while the 

scapula movement remains limited by aholonomic 

constraintmodeled by two fixed points to the scapula 

reference system that belong to the ellipsoid surface. A 

movement acquisition,using a motion analysis system 

that captured the anatomical landmarks tracking of the 

thorax and shoulder girdle, was performed. The natural 

coordinates were calculated through the anatomical 

landmarks coordinates and used to perform an 

optimization to make the movement kinematically 

consistent. The calculus of the ellipsoid constraint is 

trivial, unlike the Jacobian matrix. It is proposed a way 

for calculate the Jacobian of the constraint that model 

ST. The optimization for kinematic consistency was 

performed through the MatLab Optimization Toolbox 

and through the Augmented Lagrangian approach.Both 

approaches were able to make the constraint violation 

remainbelow the tolerance. The first one needed more 

iterations (11.26±11.91 – mean±SD) leading to a higher 

CPU-time (0.18±0.17) when compared with the second 

one (0.03±0.01) which, in turn, needed less iterations 

(7.81±0.38). The inverse kinematics was performed to 

compare each approach and they were similar when 

compared with the tolerance. Despite the fact the first 

approach is more robust, as usually motion analysis 

acquisition provides a good first approximation for the 

solution, the use of the Augmented Lagrangian approach 

seems to be more convenient due to its efficiency. 

Keywords: Biomechanical model, kinematic 

consistency, shoulder girdle, natural coordinates, upper 

limb. 

 

 

Introduction 

 

The shoulder girdle is composed by a joint complex 

that builds up a closed kinematic chain that includes, 

among others, the sterno-clavicular and the acromio-

clavicularjoints. Human body has no direct interaction 

between rib cage and scapula due to muscle and tendon 

between them. However, it is common to model such an 

interaction to make the scapula movement more stable 

[1]. 

Garner and Pandyprovided alarge database of 

geometric parametersfor the upper part of the human 

body derived from medical images of the Visible 

Human Project [2]. An ellipsoid was fitted on the right 

side of the rib cage. Its center and attitude were assumed 

to be stationary relatively to the thorax reference system. 

Two fixed points of the medial border of the scapula 

were selected and its movement was restricted by three 

interaction points: the sliding of these two first over the 

ellipsoid surface and a third point shared with the lateral 

end of the clavicle,whichwas modeled as a spherical 

joint. 

To model a mechanism, the use of dependent 

coordinates has increased due to its robustness and easy 

implementation. Among them, there is the so-called 

natural coordinates. They are coordinates made of 

Cartesian points, also called basic points, and unit 

vectors that change its attitude with the element they 

belong to. They were firstly introduced in the 80’s for 

planar cases [3,4] as well as for spatial cases [5,6].Its 

application has been used in several areas and recently it 

has been used on biomechanics [7].Some of the main 

advantages of this approach are the possibility to 

generate a constant  mass matrix for dynamic analysis 

and the fact that the constraint equations that come up 

from them are linear or quadratic, which makes their 

Jacobian matrix be constant or linear. Both of these 

reasons result to a high efficiency on data processing 

which makes the natural coordinates be widely used in 

real-time applications [8]. 

The constraint equation to simulate the scapulo-

toracic interaction (ST) can be easily derived, which is 

not the case of its Jacobian. Here, we use the natural 

coordinates to propose a way to calculate the Jacobian 

as well as compare efficiency and robustness of two 

ways to perform the optimization for kinematic 

consistency to the ST, which plays an important role in 

the kinematic and dynamic analysis of the upper limb 

modeling. 

 

Materials and methods 

 

A motion analysis BTS Smart-D Motion Capture 

System (BTS Bioengineering, Italy) [9] was used to 

record the coordinates of each reflexive marker, 200 Hz 

of sample frequency [10]. The coordinates were low-

pass filtered (7 Hz) with an off-line Butterworth filter. 
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The marker-set chosen and the guide-lines to calculate 

the local coordinate system of each body segment (i.e. 

thorax, clavicles and scapulas) follwed the 

recomendation given by the International Society of 

Biomechanics [11]. 

The natural coordinates were calculated from the 

Cartesian coordinates of the anatomical landmarks. 

However, errors from the motion analysis system and 

from the skin movement relatively to the bone turns the 

coordinates kinematicaly inconsistent [12]. There was 

performed the following optimization to solve this 

problem: 

 

min𝑓(𝐪) =
1

2
(𝐪 − 𝐪∗)T𝐖(𝐪 − 𝐪∗) 

 

subject to𝛟(𝐪) = 0                                        (1) 
 

where q is the set of kinematically consistent natural 

coordinates[n by 1], while q* is the set that comes from 

the acquisition; Wisthediagonal weighting matrix [n by 

n], whose each nonzero element is the rate between the 

standard deviation and the mean of the respective 

coordinate; andϕ(q)is the vector of the constraint 

equations [m by 1]. 

This optimization was performed through the 

MatLab Optimization Toolbox (mathworks, version 

2010)for a constrained nonlinear multivariable function, 

which was called method 1; and through the augmented 

Lagrangian minimization process [13], what was called 

method 2: 

 

(𝐖 + 𝛟q
Tα𝛟q)∆𝐪i+1 = −𝐖(𝐪i − 𝐪∗) − 𝛟q

T(𝛂𝛟 + 𝛌i) 

 

𝛌i+1 = 𝛌i + α𝛟(2) 
 

, where Δqi+1 = qi+1-qi; ϕq is the Jacobian matrix of the 

vector of constraint equations [m by n]; λ is the vector 

of Lagrange multipliers [m by 1]; and α is the penalty 

factor (scalar ~107). 

The ST simulates a constraint generated by an 

ellipsoid surface, thus, it must have theform: 

 

𝛟 =
(x − x0)2

rx
2

+
(y − y0)2

ry
2

+
(z − z0)2

rz
2

− 1 = 0   (3) 

 

where (x0,y0,z0) are the coordinates of the ellipsoid 

center and (rx,ry,rz) are itssemiaxes. These parameters 

were taken from the literature [2]. (x,y,z) are 

thecoordinates of the point on the ellipsoid surface 

which, in the constraint, represents one of the points that 

belongto the scapula. Using natural coordinates and 

taking into account the attitude of the ellipsoid relative 

to the GlobalCoordinate System (GCS), the constraint 

introduced by equation (3) becomes, inmatrix form: 

 

𝛟 = 𝐪𝐓𝐂𝐓𝐑𝐕𝐑𝐂
𝐓 𝐃 𝐑𝐂𝐑𝐕

𝐓𝐂𝐪 − 1 = 0    (4) 

 

where C  is the mapping matrix [3 by n] that turns the 

natural coordinates into the trio of coordinates of the 

point in the ellipsoid surface relatively to its center;D is 

a digonal matrix [3 by 3] in which each nonzero element 

is the inverse of the square of the corresponding 

ellipsoid semi-axes; RC is a constant rotation matrix 

representing the rib cage attitude relative to the thorax; 

and RVis a variable rotation matrix representing the 

thorax attitude relative to the GCS.The former matrix 

variates with q, as shown in equation (5). 

 

𝐑𝐕 = ⟨𝐂𝟏𝐪 |𝐂𝟐𝐪 |𝐂𝟑𝐪 ⟩        (5) 

 

where Ci (i = 1,2,3) are the mapping matrices that turns 

thenatural coordinates into the respective base vectors 

of the thorax coordinate system. 

Differentiating equation (4) with respect to vector q, 

and assuming K=RCTDRC, the correnspondingJacobian 

can be calculated, in the reduced form,through equation 

(6). 

 

𝛟𝐪 = 2𝐪𝐓𝐂𝐓𝐑𝐕𝐊 (𝐑𝐕
𝐓𝐂 + 𝐑𝐕𝐪

𝐓 𝐂𝐪)         (6) 

 

where 𝐑𝐕𝐪

𝐓  represents the transpose of the partial 

derivative of matrix RV  relative to q. Observing 

equation (6),it can be noticed that the term 𝐏 =
𝐑𝐕𝐪

𝐓 𝐂𝐪should lead to matrix [3 by n]. The product Pwas 

calculated as shown in equation (7): 

 

𝐏 = [

𝐪𝐓𝐂𝐓𝐂𝟏

𝐪𝐓𝐂𝐓𝐂𝟐

𝐪𝐓𝐂𝐓𝐂𝟑

]                                    (7) 

 

The robustness of each approach was tested by 

adding a white noise as shown in equation (8): 

 

𝐪𝐧
∗ = 𝐪∗ + s ∙ 𝐧                               (8) 

 

, where 𝐧 is a white noise vector [n by 1] whose mean is 

zero and standard deviation is one ands is a scalar.The 

tolerance to reach the kinematic consistency was 10-8 m 

and the inverse kinematics, through Grood and Suntay 

proposal [14], was performed to compare the results 

obtained from each method. The Bland-Altman test was 

performed to evaluate the concordance between both 

result [15]. 

 

Results 

 

Both approaches were able to reach the kinematic 

consistency keeping the constraint violation below the 

tolerance (Figure 1a).The number of iterations required 

for each method to achieve such a convergence was 

different (Figure 1b) which led to a different CPU-time 

(Figure 1c). To achieve convergence, method 1 needed 

11.26±11.91 iterations (mean±SD) and it took 

0.18±0.17 units of CPU-time, while method 2 needed 

7.81±0.38 iterations spending 0.03±0.01 units of CPU-

time. 
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Figure 1: (a) Constraint violation (m); (b) number of 

iterations required to achieve convergence; and (c) 

UCP-time. 

 

The angles taken from the scapula relative to the 

thorax (Figure 2) had a high concordance according to 

the Bland-Altman test. The summary of the results are 

described in the Table 1. 

 

Table 1: Results from the Bland-Altman test. 

     
Angle conc md rang rmd 

Protraction 99.93 0.14±4.00 0.999 0.051 

Abduction 99.93 0.10±6.00 0.999 0.007 

Tilt 99.89 0.29±11.00 0.998 0.010 

Conc is the percenctual of concordance (%); md is the 

mean of the difference between both methods (∙10-4m); 

rang is the Pearson correlation between angles and rmd is 

the Pearson correlation between the mean and the 

difference of the angles. 

 

 

 
Figure 2: Scapula angles relative to the thorax for both 

methods in the right side. They are “visually” coincident. 

 

Table 2 shows the results for the test of robustness. It 

was made keeping the same condition for maximum 

number of iterations, minimum increment to the 

variable and the tolerance for constraint violation. When 

s (equation 8) had a value of 0.1, only the method 1 

showed a constraint violation in the same magnitude 

order of the tolerance for kinematic consistency. From 

this value on, none of the approaches converged. 

 

Table2: Robustness test. 

          

s 

 

10-2 10-1 10-0 

|ϕ| M1 0.4 3.4 ~ 

|ϕ| M2 0.1 ~ ~ 

The values for |ϕ| is multiplied by 10-8 m. 

 

 

Discussion and Conclusion 

 

This work provided a way to calculate the Jacobian 

of the constraint equation that model ST. The 

approachesreached the kinematic consistency with 10-

8m tolerance, although the number of iterations was 

different between method1 and 2. As a consequence, the 

CPU-time was distinct as well, and taking into account 

only this, method 2 was more efficient. 

The kinematic data taken from both solutions do not 

show any difference that could be noticed visually 

(Figure 2). The Bland-Altman test showed a 

concordance above 99% for all the three scapula angles 

relative to the thorax. As it is supposed to be for 

variables with high agreement between each other, the 

Pearson correlation between the angle was high, while 

between the mean and the difference was low (Table 1). 

These results support that there is not a significant 

difference between the solutions found by both methods. 

Furthermore, the method 1 seems to be more robust 

(Table 2). Although, when the white noise (equation 8) 

is not added and the error comes from only the typical 

sources [12], the method 2 converges to a consistent 

solution for all the frames. 

Regarding that is not a significant difference 

between solutions from both methods, the augmented 

Lagrangian minimization process(method 2) seemsto be 

better choice due to its efficiency. Moreover, it work 

well taking into account the range of error that come up 

in the kinematic signal taken from the motion analysis 

system. 
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